Abstract: The concepts of reflecting profiles and that of holodiagrams are examined and links between them are found so that the classical Abramson's Holodiagram idea can be generalized. The broader concept of Generalized Holodiagrams encompasses then the possibility of using different wave front shapes, not only spherical. Many of the nice properties of the classical holodiagram are shared by its generalized versions.
Introduction
Abramson's holodiagram (HD) is a very interesting tool to depict several geometric features appearing in optics. It was initially developed to optimize the use of the available coherence length in early stages of holography [1] , but soon proved to be also a useful tool to help in the understanding and improving insight in the geometrical aspects of many other optical phenomena [2, 3] Most usual applications of the HD include holography (holographic interferometry, light in flight recording, etc.), interferometry, Doppler velocimetry, the development of diffractive elements, miscellaneous applications in astronomy, relativity, as a teaching tool, etc [2, 4] .
Originally developed to describe free propagation, recently the concept has been broadened to include virtual sources [5] , refraction between two isotropic media [6] , free propagation in birefringent media [7] and some geometrical aspects of spatial coherence [8] .
Also recently a method has been proposed to design suitable profiles for two different problems: to produce a given family of wave fronts from a single point source after reflection on the profiles, and to focus a given wave front on a chosen point (see refs. [9, 10] ).
In this work we show that both concepts, holodiagrams and reflecting profiles, are closely related and can be used to generalize the first to what we call Generalized Holodiagrams (GHD).
To introduce the new concept let us first briefly revisit how a classical HD is constructed and where its properties are originated. The procedure to generate reflecting and focusing profiles will then also be briefly reviewed. The link between both concepts will then be established and some examples will be shown.
The following description is a free adaptation of Abramson's one and the reader is invited to look for a more detailed one in the references.
Let us assume that we construct the locus of all points P satisfying the condition that the sum d of its distances to two fixed points A and B is a constant. In the plane it consists in an ellipse with A and B as foci and major semi axe a ¼ d=2. In space, the locus is actually a revolution ellipsoidal surface around an axis containing A and B. Because of the way it is constructed, optical path between A and B by rays passing through points on the ellipse is the constant d. Fermat's Principle of stationary optical path is then satisfied in all its points and all rays coming from A are reflected towards B. Some laser pumping cavities are constructed based in a similar principle. A family of ellipses can then be constructed with the same foci A and B, but varying the parameter d. Any arbitrary reflecting surface will reflect rays from A to B only in the regions where it is tangent to one of the ellipses of the family because it is only there where optical path is stationary. Now let the parameter d be chosen at integer steps of half the wavelength of the employed light and let the alternate regions between consecutive ellipses considered being non-reflecting (i.e. painted black) while the remaining regions are transparent.
Let us now consider the intersection of any arbitrary surface with the family of ellipses (or ellipsoids in space) so constructed. It defines a binary mask that is transparent in alternate regions and opaque in the rest. Light coming from A and going through transparent regions is in phase at B as all the regions that would contribute at B in phase opposition are stopped by the 370 H. Rabal et al., Reflecting profiles and generalized holodiagrams imagined black paint. So, only approximately in-phase waves arrive to point B, and the mask acts as a generalized Fresnel Zone Plate. This zone plate focuses a bright point at B when illuminated by a source at A [11] with the appropriate wavelength as would do a hologram .
In a similar way, when a volumetric region of the constructed family of ellipsoids is considered, waves coming from A and scattered in unpainted regions contribute at B approximately in phase and give rise there to constructive interference. That is to say that the painted family of surfaces behaves as a Bragg grating conjugating points A and B. It acts as a volume hologram (that it effectively represents). This is the classical holodiagram as defined by Abramson, where only a few of the most outstanding properties have been described .
The method to construct reflecting and focusing profiles uses the optical properties of conics: hyperbolas and ellipses. These profiles are obtained as envelopes of a specific family of conics. The reflecting profiles have the property that when are illuminated by a spherical wave front emanating from a point source F they produce a given wave front N. The focusing profiles focus an incident given wave front N in a given point F [9, 10] . The wave front "recognizes" its matched reflecting profile. The fact that the adequate incident wave front N is, after reflection in the profile, focused into point F indicates that the output wave front is spherical. The mirror introduces the adequate phase corrections to modify the incident wave front into a spherical one. If light propagation direction is reversed, then the reflecting profile is illuminated by a spherical wave and the corrections are introduced in the reverse direction, so that the wave front N is reconstructed.
The reflecting and focusing profiles M a constructed in [9] have a free parameter a, and a family of them can be constructed by varying its value. The parameter a corresponds to half the value of the optical path of the family of conics used to construct the profile.
In this work we propose that by choosing the steps of the parameter a in multiples of half the wavelength employed for illumination, the obtained family behaves as a Generalized Holodiagram GHD sharing some of the properties of the classical Abramson's HD. In fact Classical Abramson's HD and Young's HD are obtained as particular cases when the reconstructed wave front N is spherical. We pass from one to the other when the direction of phase changes in one of the intervening wave fronts is reversed, for example, when the reconstructed source is virtual. But now, more general geometry for the reconstructed wave fronts is allowed.
There might be certain regions where this construction is restricted. The reason is that, as any wave front propagates, singularities often appear, in the form of cuspidal points and auto intersections. As a wave front propagates, its singularities sweep out a set named the caustic (in the two-dimensional case this set is a curve).
The caustic C of a wave front N is the locus of its centers of curvature. The singularities of the profiles M a sweep out also the caustic as the parameter a varies (see ref. [10] ). Then in our construction we have freedom in the election of the reconstructed wave front only if we avoid the caustic region. To generalize the above construction for the 3-dimentional case, we must replace the families of hyperbolas and ellipses with families of hyperboloids and ellipsoids that are obtained when the above conics are rotated around their focal axes.
The generalized concept of GHD can also be extended to include refracting surfaces if optical paths replace geometrical distances.
Reflecting and focusing profiles
Given a wave front N and a source point F, it is possible to construct an uniparametric family of mirrors M a , with the characteristic property of producing the given wave front N, after reflection in the mirror M a , from the point source F (see ref. [9] ). If light propagation direction is reversed, then the same family of mirrors has the property that they focus the wave front N in the point F.
The construction of the M a profiles for the wave front N and the point F proceeds by taking the envelope of a family of quadrics fh a ðxÞg x 2 N (hyperboloids and ellipsoids). Basically, the quadrics are those with foci F and a point x varying in the wave front N and with eccentricity e ¼ jx À Fj=2a; 2a is the distance between the vertices of h a ðxÞ (see figs. 1, 2) . A point 
The signs +, À are for the ellipsoid and the hyperboloid respectively. In the limit case of a ¼ 0 the quadric becomes a plane (see refs. [9, 10] ). For the ellipsoids the eccentricity e < 1 so, the parameter a must verify 0 < 2a < jx À Fj; for the hyperboloids e > 1; e ¼ 1 corresponds to the limit case of the paraboloids; and for e ¼ 0 we have spheres.
To give an explicit parameterization of the profiles M a , let nðxÞ be a unitary normal vector to N at x. A point y 2 M a can be given by the parametric equation:
where lðxÞ have to be determined by the condition that y 2 h a ðxÞ, that is, y has to verify (1). A straightforward calculus gives two values for l:
Then, for a choice of nðxÞ, M a can be decomposed in
with L a and L Àa parameterized by (2) with l ¼ l a and l ¼ l Àa respectively (see figs. 1, 2) . Observe that if we use a propagated wave front N 0 instead the wave front N, we get the same family of profiles.
The profiles M a are smooth surfaces except for the points y 2 M a , which are centers of curvature of the wave front N, so those profiles with singularities only can appear for concave wave fronts [10] . The geometrical locus, C, of the centers of curvature of N or, equivalently, the envelope of the normal lines to N, is usually called the caustic C of N.
Generalized holodiagrams
Using the profiles M a we can construct generalizations of both Abramson (AHD) and Young holodiagrams (YHD). The ellipsoids correspond to generalizations of Abramson's holodiagrams (GAHD). This is because for the particular case of N being a spherical wave front and choosing nðxÞ pointing to the curvature center of x we get the classical AHD. On the other hand, if we use the hyperboloids we get holodiagrams (GYHD) that generalize Young Holodiagrams YHD.
a) Case GAHD
To construct them we take the family of profiles M a given by eq. (2), with the parameter a varying in halves of the wavelength, and in a range that verifies 0 < 2a < jx À Fj so that M a is the envelope of a family of ellipsoids. For any point y 2 M a let r 1 ðyÞ be the distance from y to N and r 2 ðyÞ the distance from y to F. Then, from the construction of M a , any y 2 M a verifies r 1 ðyÞ þ r 2 ðyÞ ¼ 2a. In this case (see fig. 1 ), M a focuses N in F (M a is a focusing profile) or reversing the ray direction, N is reconstructed from light coming from the source point F (M a is a reflecting profile).
b) Case GYHD
In this case we take the family of profiles M a given by eq. (2), with the parameter a varying in halves of the wavelength and in a range that verifies 0 < jx À Fj < 2a, so that M a is the envelope of a family of hyperboloids. As before from the construction of M a , any y 2 M a verifies jr 1 À r 2 j ¼ 2a. In this case, the profile reflects or focuses the virtual sources F or N (see again illustration of these facts in fig. 2 ).
Results
We show now some illustrative examples of both elliptical (GAHD) and hyperbolical (GYHD) holodiagrams obtained with the described procedure.
The images are shown as gray levels proportional to 1 þ cos (ka) (with k a scale constant), so that they depict as fringes the families obtained when the parameter a is increased in a continuous way. The orientation and spacing of these fringes indicates the sensitivity to phase variations. Places where fringes are dense indicate that phase changes there fast with position, while the direction of the fringes indicates the zero sensitivity direction. Loci of equal sensitivity, it is the K curves defined by Abramson, can be numerically determined from these figures. wave front. These images bear a certain resemblance to classical AHD as the elliptical wave front N is not very different from a spherical one (if it were a spherical wave front, the AHD would be obtained). Fig. 5 and 6 show the elliptical (GAHD) and hyperbolic (GYHD) holodiagrams for a wave front with sinusoidal form. In these figures the departure from the classical AHD and YHD shape of the fringes is more evident. Notice the wide region of slow phase variation at the right side of F and the fast variation at the left side in fig. 5 .
The shape of the holodiagrams fringes indicates the loci of stationary optical path sum or difference. They are also the interference fringes between the wave front N and a spherical wave coming from F. Intersections with any surface define holograms of the wave front N with F acting as a reference source or conversely. These intersections are called primary fringes in Abramson's terminology. The GHD can then be thought as the locus of the primary fringes of all possible holograms of a given wave front N with a given reference source F. The holodiagram fringes, considered as surfaces, also bear the geometry of a mirror such that when illuminated by a point source at F generates a wave front with the shape of N.
The same mirror, when illuminated by the wave front N focuses the incoming light at F. Fermat's stationary phase principle can then be applied to these GHDs. If any arbitrarily shaped mirror M is illuminated by the wave front N, light will be reflected towards F only in the regions where M is tangent to the GHD.
Notice the uneven spacing of the fringes in the GHD. As it is the case with the classical HD, their spacing and orientation are indications of the modulus and direction of the vector sensitivity to phase changes or displacements. If phase changes or departure of the calculated values due, for example, to construction errors in the reflecting surfaces occurs, the spacing between the fringes is then an estimation of its local construction tolerances.
Conclusions
We have proposed a generalization of the classical concept of Holodiagram with respect to a wave front. It is based on the concepts of reflecting and focusing profiles recently developed. Regions corresponding to caustics need to be excluded.
We have shown some characteristic examples. The use of the new compound concept can be expected to be found in the design of computer generated holograms to synthesize predetermined wave fronts, also in pattern recognition of specified wave fronts, in the calculation of tolerances in special mirrors construction, etc.
The concept can be extended to include refraction between two media but its analysis is deferred to a forthcoming work.
